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Tagdim olunan isdo nazik I6vhanin ragslarinin zaif geyri-xatti tanliyi Ggln optimal
idaraetma mosalasinag baxilmigdir. Ovwvalca har bir geyd olunmus idaraedici ti¢iin baxilan
sarhad masalasinin Umumilosmis hallinin varligi va yeganaliyi isbat edilmis, sonra optimal
idaraetma masalasinda optimal idaraedicinin varligi teoremi isbat edilmis, sonda optimalligin
Pontryaginin maksimum prinsipi tipli zaruri sarti ¢cixarilmigdir.

Acar sozlar: nazik 16vho, optimal idarsetms, varliq teoremi, zaruri sort.

Dordtartibli xususi téromali diferensial tonliklor xtisusi tdromoli diferen-
sial tanliklorin mihum bir hissasini toskil edir. Malumdur ki, bir sira proseslor
dordtortibli xtsusi toromoli diferensial tonliklorlo tasvir olunur. Bunlardan
cubugun, kamertonun, iglayli 16vhalorin, elastiki 16vholorin, nazik I6vhalarin
va S. ragslari tanliklorini misal gostarmok olar [1], [2], [3]. Ona g6ra do bels
tonliklarlo tasvir olunan proseslords optimal idarsetma masalalorinin dyranil-
masi muhim shamiyyat kasb edir. Qeyd edak ki, son dovrlorda bela proseslor
uclin optimal idaraetmoa masalalarinin intensiv tadgiqins baslanilib [4], [5], [6].

Masalanin qoyulusu. Forz edok Ki, idars olunan proses
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pgtg+V2(DV2u)+(1—v)[26 b ou —aDa“—aDa“j: f(x, Lo a“,uj €y
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ou(x,vy,0
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baslangic sortlori vo
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ou(x,0,t) _

U0, y,t) = o,W= 0,u(x0.t) =0, 0,
X

ou(x,b,t) _ )

u(a,y,t):o,wzo,u(x,b,t)zo, 0

sorhod sortlori ilo tosvir olunur. Qeyd edok ki, (1) tonliyi nazik l6vhonin
ragslori tonliyinin Umumilogmasidir.
Burada Q; =Qx(0,T), Q=(0,a)x(0,b), a, b, T >0 mishat adodlar,
Uo(X,¥), u(x,y)-verilmis funksiyalardir, u(Xx,y,t)-l6vhonin yerdoyismoasi,
3
D:LZ-Ibvhenin oyilmo mohkamliyi, h(x,y)-lévhonin qalinligidir,
12(1-v7)
0< ., <h(X,y)< ,, m, m,-verilmis ododlordir vo h(x,y)-in Q-da iki
tortiba Qgodor kosilmoz téromolori var, E (E >0)-Yung modulu, v

S

(0 <v< %j-Puasson omsalidir, VZ2-Laplas operatorudur, yani
) o’u  d%u ) o 3
Vu=Au= +W, p(X,y)-l16vhanin kiitlo sixligidir, f(X, y,t,u, p,q,z))-

verilmis funksiyadir.
Mumkin idareedicilor sinfi U,, olarag L,(Q;)-do kompakt vo

qiymoatlori [v, ,u] parcasina daxil olan U(X, y,t) funksiyalar ¢oxlugu gatiiriiliir,
burada v, p-verilmis adodlordir.

Hor bir u(x,y,t) miimkiin idaroedicisino uygun (1)-(3) masalasinin holli
dedikdo elo u(x,y,t)eW,”*(Q;) funksiyas1 basa diisiilir ki, o ixtiyari
n(x,y,t) E\sz'l(QT) , (%, y,T)=0,

n(0,y,1) = QW: 0,7(x,0,t) = 0,270 _

0,

n(a,y.t)= QW: 0,7(x,b,t) = o,% _o

funksiyasi tigiin
2 2 2 2 2 2
j —pa—u-a—nJr DVZuVZy+(1-v) g 0D U 0 ?6—2—26—2 1 |dxdydt -
& ot ot OX0y OXoy — Ox° oy° oy° ox

ou ou
— [ (6 Y)n(x, y,0)dxdy = [ £(xy,tu, ==, 0)n(x, y,t)dxdydt
o o ox oy

integral eyniliyini vo u(Xx,y,0)=u,(x,y) sertini ddesin. Belo halla (1)-(3)
mosalasinin Gmumilosmis halli deyilir.
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Asagidaki kimi optimal idarsetmo masalesi qoyulur: U,, miumkin
idaroedicilor sinfindon elo idaroaedici tapmali ki, o, (1)-(3) serhad mosalasinin
halli ilo birlikda

ou ou

J = | f, (X v,tu—,—,v)dxdydt 4
w)io(y oy VY (4)

funksionalma minimum qiymot versin, burada f,(X,y,t,u, p,q,v)-verilmis
funksiyadir.

(2)-(3) sarhad masalasinin hallinin varhg: va yeganaliyi

Tutaq ki, goyulan masalonin verilonlori agagidaki sartlori 6dayir:

1. u, eV\;)ZZ(Q), U eL,(Q), p(x,y) Q-do kosilmoz funksiyadir vo
p(X,y) >y >0, y-verilmis odaddir.

2. f(xy,t,u,p,qv) vo f, (X y,t,u,p,q,0) funlsiyalari Q; x Rx[v, u]-
do kasilmoz funksiyalardwr, f(X,y,t,u,p,q,0) funksiyast (X,y,t)-ya goro
mintozom olarag u, p, (Q, v-yo g0ro Lipsis sortini 0Odoyir,
fo(x,y,t,u, p,q,0) funksiyast u, p, g, v-ya goro kvadratik artim sortini
Odoyir, yani

|5 (%, Y, t,, p,q,0)| < @+, |uf” +[pf* +[d] +|of ]
burada a, >0, b, > 0-sabit adodlordir.

Gostarok ki, har bir geyd olunmus U(X, y,t) idaraedicisi tgin (1)-(3)
masalasinin yegana Umumilosmis hoalli var. Faedo-Qalyorkin Gsulunu tatbig
edok.

Forz edok ki, {a)i (%, y)}il funksiyalar1 W,” (Q) -da bazis amoalo gatirir vo
[, (x ), (x y)drdy = 5] Lk=n,
[0} y a)i y = =
I d PO =%=10k=n
(2)-(3) masalasinin tagribi hallini
N
ut(x,y,t) = ¢ (i (x,y)
i=1
soklindo asagidaki baraborliklordon axtaraq:

2, N
J.paat—uza)j (x, y)dxdy + I DV V2w, (x, y)dxdy +
Q Q

+(1—v)j(2 0°D o%uM 8’Do’u" 9°D o%u”
2\ oOxoy oxoy  ox® oy oy’ ox?

]w i (X, y)dxdy = )

u :
=|f|xytu", ,—,uja).(x,y)dxdy, 1< <N,
i ( ox oy .
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O=a, ) =4
dt =0
burada o vo B, u,(x,y) Vo u,(x,y) funksiyalarmi N — oo oldugda uygun

olarag W2 (Q) vo L, () -do aproksimasiya edan
N N
Up (%, y) =D '@ (xy), uy (xy) =2 Ba(xy)
i=1 i=1
comlarinin omsallaridir.
(5) barabarliyinin har iki torafini %CJN (t)-ya vurub, j gora1-don N -o

goadar comlasok, alariq:
I o*u™ ou™
1P at
2 2, N 2 2, N 2 2, N N
+(1—v)j[2a D o’u™ 9’Do%u"  9°D d%u ]au
Q

N
dxdy + j DVZuNv? au—dxdy+
o ot

- - dxdy =

OXoy oxoy  ox® oy  oy® ox® ) ot y

ou™ ou® jauN
19

, , dxdy .
ox oy ot

=If x,y,t,uM,
Q

Buradan alinir ki,

1d ou™ ? 2
- +D(VaN ) [dxdy =
2dt) p( 6tJ ( )} d

2 2N 2 2N 2 2N N
=—(1—v)j[2a D o’u™ 9’Do%u" 9°Do%u ]au dxcly +
Q

oxdy oxoy  ox2 oyt oy? ox? ) ot
dxdy .

N N N
+.[f x,y,t,uN,ﬁu ’au v ou
o ox oy ot
Bu barabarliyi t-ys gors 0-dan t-ys godar inteqrallasaq verilonlar tizarina
qoyulmus sartlor daxilinds asagidaki miinasibati alariq:

J!{Wj + (VZUN (X, y,t)z}dxdy <C+

o (] (] (.

J{azu“‘(x, y,s)j2 +[82uN (X, y,S)j2 J{My}dxdyds,w elo,T]"

Ox? oxoy oy?
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burada va bundan sonra C ilo giymatlondirilon kamiyyatlordon asili olmayan
muxtalif misbat sabitlori isars edocayik.

W, (Q) fozasindaki normalarin ekvivalentliyino goro

(x,y.1)

(x,y.1)

ou™ (x,y,1)

|

Q

oX

{(u V(x, y,t))2 +[6u“

+ “[u (xys)

o2uMN(x,y,s)

IC

oy

ou™(x,y,s)
OX

I
J

o2uMN(x,y,s)

ot

:

ou™(x,,s)

+ (VzuN (X, y,t))zidxdy <

ou™ (x,Y,s)

oy

o2uN(x,y,s

I

JZ

ot

)

ox?

{

[7]-doki malum

olar.

o%uM

OXoy

o
J{

%)+

Ox?

OXoy

Jz +(aay

barabarsizliyina gors alariq:

ou™ (x,y,t)

[

ou™(x,y,t)

J{

ay2

u™

0

dxdyds

|

8

|

} dxdy

u"(x,y,t)

J

Q

[(u Y y.0)f +[

J

OX
o2uM(x, y,t)

oy

J

u™(x, y,t)

ot

]Z

. o2uM (x, y,t)
ox?

+CI J [(uN (x.y.5)f {

o2uM(x,y,s)

T{ oxdy

ou™ (x,,s)
OX

o2u(x,y,s)

Jz

o

ayZ
ou™(x,y,s)

-
) dxdy <

ou™ (x,y,8)

{

oy

o2u(x,y,s)

jl

]Z

ot

{

ox?

)

OXoy

)

ayZ

Bu barabarsizliys Qronuoll lemmasini [7] tatbiq etsak,

au™ (x, y,1)

(XY,

t) au™ (x, y,1)

i

dxdyds .

J

Q

o

o%uM (x, y,t)

OX

o%uM (x,y,t)

J[

oy

ot

I

ekl

OXoy
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olar.
Buradan alinir ki, {uN } ardicilligt W,>*(Q, ) -do mohduddur. Ona gors do
{u N }-den els alt ardicilliq ayirmaq olar ki, (homin ardicilligi da {u N } kimi isara
edacayik), N — « oldugda
ou  ou au" au au ou ou™  o%u ouM Q%
- -»— -

u" >u, =, — S T D - ,
OX ox oy oy ot ot ox oX° oxoy  oxoy
ofuM o4 )
?—)W LZ(QT)_dg zoif. (7)

Onda kompaktliq teoremina gora [7], N — o oldugda

N N
u_ U (Qr)-da giicli ®)
OX ox oy oy

(1)-(3) masalasinin tmumilasmis hallinin torifinde u =u™ gotirak:

N 2 2, N 2 2, N 2 2, N

.[ —pau—a—n+DV2uNV277+(l—v) 26 Dou” 9 ?6 u2 2 ?6 uz n dxdydt —
R ooy Xy ox® oyt oyt ox

N v ou™ au®
—J‘,ou1 (%, y)n(x, y,0)dxdy = If X, y,t,u",—, ,U [n(X, y,t)dxdydt.
Q Qr OX 6y
f(x,y,t,u, p,q,v) funksiyasi u, p, g arqumentlorina gora Lipsis sortini
Odadiyindan homin arqumentlara gora Xatti artim sortini 6dayir, yani
| (x, y,t,u, p,g,0) <a+blu[+|p|+[q]].
burada a,b > 0 sabit ododlordir.

ud > u,

Onda f(x,y,t,u, p,q,v) funksiyast ilo amolo galon F(u,Z—u,%u) Ne-
X

mitski operatoru har bir geyd olunmus U(X, y,t) mimkin idaroedicisi ¢tin

(L,(Q;))*-don L, (Q;)-ya kesilmoz tasir edir [8].

Onda N — oo sortinda limita kegsok va (7), (8) miinasibatlorini nozars
alsaqg,
ou on

J. -p——+ DVqu2n+(1—v)(2
5 ot ot

0°D 0°u  0°Dd*u 9°D d%u
———— 5 — |7 [dxdydt -
OXOy OX0y — OX° o0y~ oy° oXx

~ [ P, (x, y)r(x, y.0)dxdy = | f(x, vt u,‘a—“,a—“,an(x, y.t)dxdydt
2 o ox oy
olar. Belolikla, aliriq ki, u(x,y,t) funksiyasi (1)-(3) masalasinin imumilogmis
hollidir.
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Hallin yeganaliyini standart tsulla gostarmak olar, yani har bir mimkin
idarsediciyo uygun (1)-(3) mesalesinin iki u,, u, hallinin oldugunu forz
etsoydik, onlarin forgi olan u = u, —u, funksiyasi ii¢iin (6)-ya analoji olaraq

2 2 P » \2 » N2 2 \2
J[(u)2 +(Z—zj +(%uj +(g—l:j +(2x_l:j J{a&x - J +[a EJ }dxdy < const
o oy oy
, Vte[0,T]

giymetlondirmasini alardiq. Buradan ise u =u, —u, =0 oldugu alinir, yoni
U, =u,.

Optimal idarsedicinin varhg

Teorem 1. (1)-(4) moasalasinin verilonlori zorino yuxarida qoyulan

sortlor daxilinds hamin masalads optimal idarsedici var.
Isbat1. Tutaq ki, {v, } €U, minimallasdiric1 ardicilliqdir, yoni

limJ (u,) = inf J(v). 9)

Mumkin idarsedicilor sinfinin torifindon alinir ki, {Un} ardicilligt
L, (Q; ) -ds kompakt ¢oxluga daxildir vo

o, ||L2 o) S const.

(1)-(3) masalasinin v, idarsedicisine uygun hallini u, (x, y,t) ils isaro
edok.
{un} ardicillig1 Gigtlin 11 hissadoki gqayda ila

”u””WZ“ ) < const (10)

qiymotlondirmasini alariq.
(10) munasibatindan Hilbert fazasindaki zaif kompaktliq xassoasina asasan
n — oo olduqda alariq:

ou,  ou, ou  ou, ou  du, o°u, o, o°u, U,
Uy DUy, > —, >, 5 — — L, — :
OX ox oy oy ot ot ox OX°  Oxoy  oxoy
o°u,  d%u .
ayz —)ay—zo L2 (QT)'dQ 2oif. (11)

{Un} ardicilligr L, (Q;)-ds kompakt coxluga daxil oldugundan vo (11)-i
nozars almaqla kompaktliq teoremindan [7] alinir ki,

ou ou, ou ou, -
! , —- , L -do glicli. (12
o - ox ' oy ,(Qr)-dag (12)

Umumilosmis hallin torifinds v =v,, u=u, yazaq:

v, —> Uy, U, = Uy,
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2 2 2 2 2 2
j - p%a—”+ DV, Vi +(1-v) za—D%—a—?a—%—a—?é—%” n dxdydt -
HIEE OXOy Oxdy  OX° Oy°  Oy° ox (13)

—jpul(x,y)n(x, y,0)dxdy = j f[x, y,t,un,%,%,un]n(x, y,t)dxdyat.
o & ok 0y
f(x,y,t,u, p,q,v) funksiyasi u, p, q, o arqumentlorina gora Lipsis
sortini 6dadiyindan, hamin arqumentlora gora Xatti artim sortini ddayir, yani
[f(xy.t,u,p,q,0)<a, + blﬂu| +|p[+]q] +|u|],
burada a,,b, > 0 sabit adadlordir.
Onda f(x,y,t,u,p,q,v) funksiyasi ilo amalo galon

ou aou - ou(x,y,t) ou(x,y,t)
aX,@y,u)_f(x,y,t,u(x,y,t), x oy

Nemitski operatoru (L, (Q;))*-don L, (Q;)-yo kesilmoz tosir edir[8].
Onda (11)-i va (12)-ni nozars almagla (13) barabarliyinda limits kegok:
2 2 2 2 2 2
ou, 0 0°D d'u, °D 9™, aDauojn]dxdydt_

n 2, 2
-p——+DVu Vn+(l-v) 2 -
Q[ P oV V)( oy oty o oy oy’ ox

F, (u, (X, y,t)}

—J',oul(x, y)n(x,y,0)dxdy = J. f(x, y, 1, uo,aai,%, U, Jn(x, y, t)dxdydt.
Q o X oy
Bu minasibot gostorir ki, u,(X,y,t) funksiyast (1)-(3) masalesinin
v, (X, y,t) idarsedicisine uygun iimumilogmis hallidir.
fo(x,y,t,u, p,q,0) funksiyast u,p,q,0-yo gOro kvadratik artima

malikdir. Onda f,(x,y,t,u, p,q,v) funksiyasi ilo amale galon F, (U,Z—u,a—u,u)
X

oy
Nemutski operatoru (L,(Q;))"-don L, (Q;)-ys kasilmoz tosir edir [8]. Ona

gora da (9)-u nozars almaqla yaza bilarik:

ou, ou
inf J(v) =1limJ =lim | f,(x,y,t,u,,—*,—*, v, )dxdydt =
inf J(v)=limJ(v,) = lim Q[ o0 Yty = v, )y

. ou, ou
:mq[fo(x, y,t,uo,a—;,ﬁ,uo)dxdydt:J(uo).

Bu isa gostorir ki, v,(X,y) idaroedicisi (4) funsionalina minimum qiymat

verir, yani optimal idarsedicidir.

Teorem isbat olundu.

Optimalhgin zaruri sarti

Optimalligin zoruri sortini ¢ixarmaq {igiin forz edok ki, (1) tonliyinin sag
torofi olan f(x,y,t,u, p,q,0) funksiyasi vo (4) funksionalinda inteqralaltt
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fo(x,y,t,u, p,q,0) funksiyast p, g-don asili deyillor vo bu halda mumkin
idarsedicilor sinfi olaragq Q; -do olgtlon, giymatlori sanki butin (x,y,t) € Q;
tgin v, u]-yo daxil olan funksiayalar sinfi géttrdlir.

Forz edok ki, (1)-(4) mosalasinin verilonlori asagidaki sortlori 0dayir.

1. u, eW (Q), u, e L, (Q).

2. f(x,y,t,u,w) m  fy(xytuv) funksiyalart Q; xRx[v,u]-do
kasilmoazdirlor,

ﬂ, % kasilmoz tdromoalorina malikdirlor, bela ki, ﬂ mahduddur,
ou ou ou

of, R .. oy

N u -ya gora Lipsis sortini 6dayir.

Verilmis v°(x, y,t) mimkin idarsedicisi iigiin asagidaki qosma masaloni
daxil edok:

P?ZIWZ(DVZl//H(l—v)[ZaZ[V/GZDJ-aZ[ aZDj - [WaZDj]=WM (14)

ooy oy ) oo | ad oy ou
ow(0.y.1) dw(ay.
p(0..0 =y (ay. -0 L OND _VERD g
(15)
ow(x,0,t) Jw(x,b,t)
x,0,1) = w(x,b,t) =0, = =0,
v (x,0,t) =y (x,b,t) & o
w(xy.T) =0, wzo, (16)

burada H(x,y,t,u,u,y) =uf (x,y,t,u,0) - f,(X, y,t,u,0) baxilan masalo lg¢ilin
Hamilton funksiyasidir.

Gostarmok olar ki, verilmis sortlor daxilinds (14)-(16) Xatti mosalasinin
W, (Q;) fozasinda yegano Gimumilogmis halli var vo slave olaraq bels hall

wel, (0,T;W2(Q), %—‘/t’ eL,(0,T;L,(Q)) xassolorino malikdir.

Burada u®(x,y,t) funksiyast 0°(x,y,t) idareedicisina uygun (1)-(3)
mosalasinin Gmumilosmis hallidir.

v°(x,y,t) mimkin idasedicisinin asagidaki kimi impuls variasiyasina

baxaq:

b (6 Y.1) = o, (x,y,t)ell,, 17
Aati 0% (%, y,1), (X, y,t) € Q, \IT_,
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burada IT, ={(X,y,t)eQT |lo<x<o+éen< y<77+8,z'<t<r+5}, >0
elo kafi godor Kicik ododdir ki, IT, = Q;, (o,7,7) € Q; moasalado istirak edon

biitiin funksiayalarin Lebeq noqtasidir, v € [v, ,u] sabit ododdir.
v-0"(% Y1), (X, y,t) eI,

ov._(x,y,t) =
A% 3.1) {0,(x,y,t)eQT \TT,
isara edok.

(1)-(3) mesalssinin v, (x,y,t) idareedicisine uygun hallini u_(x,y,t) ilo
isaro edok. Onda aydmdir ki, &U, (X, Y,t)=u,(x,y,t)—u’(x,y,t) funksiyas
asagidaki mosalonin hoallidir.

2 2 2 2 2 2 2

A TR P DY o i T E)a &:g K E)a &:g
ot? OXoy oxoy — ox° oy oy> ox

= f(x,y,t,u® +au,,0° +6v,) - f(x,y,t,u’,0°),
08u,(0,y.) _ 88u,@y.9) _

}Z (18)

au,(0,y,t)=au,(a yt)=0,
OX OX (19)
S80.(x.0,0) = 8u_(x,b,) =0, odu, (x,0,t) _ odu, (x,b,t) _o,
oy oy
&, (%, y,0) =0, W:o. (20)
Lemma. Yuxaridaki sortlor daxilinds (18)-(20) masalasinin halli tgiin
2 oau, | osu |’ o |
|| L, (Q) + a + a
X e 1Y Lo t L@ 21)
2 2 2 2 2 2
Jra el Jeadt o)
ox L(0) Oxoy Lo(Q) 0y L(0)

giymotlondirmasi dogrudur.
Isbati. Aydindir ki, (18)-(20) sarhad mosalasinin holli {i¢iin varliq vo

yeganalik teoremlarinin sortlori 6doandiyindan
S (x,y,t) =0, (x,y,t) e @x[0,7]. (22)
indi forz edok ki, (x,y,t) e Qx[r,7+¢].

Forz edok kl, {C()i (X, y)}i:l ﬁmksiyalarl W22 (Q) -da bazis omolo gstil’il’ Vo
| (X, y)ao. (x, y)dxdy = S =47 ’
) , Y)W X,
k y i y y k O, .

(18)-(20) mosalasinin &u (x, y,t) togribi hollini
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aug (x,y,0) =2 ¢ (Do (x,y)

soklindo asagidaki baraborliklordon axtaraq:

o*ou’
Jp 8t2£ o; (X, y)dxdy+IDV2aJ§V2wj(x, y)dxdy +
Q Q

a’D o’al  o’D o) oD o*eu) (23)
l_ 2 & _ & & . —
Sl [ ooy oxoy  oxr oyf  oyf ok ]w‘ (X, y)ddy
:Hf(x, y,t,u® + a0’ +ov,) - f(x y,t,uo,uo)]wj(X, y)dxdy, 1<j<N,
Q
¢ (0)=0, iciN (t) =0. (24)
dt =0

(23) boraborliklori ¢ (t), i=1..,N mochullar1 iiiin

d?cN(t
.2( ) o
dt

nozoaran hall olunmus ikitartibli adi téramoali diferensial tanliklor sistemidir.
f(x,y,t,u,0) funksiyasi u-ya nozoron Lipsis sortini 6dadiyindan, bu
d*c (t)
dt?

sistem (24) sortlori daxilinda birgiymatli hall olunandir va

eL,(0,T).

(23) borabarliyinin har bir tarafini %cj“ (t)-ya vurub, j gbéro 1-don N -2

goadar comlosak, alariq:
825u oou
fp

N
£ dx dy+IDV S Vza(?tg dxdy +

— £ dxd 25
oxoy oxoy — ox* oy oy® ox’ ot xdy=" (&)

= [[F ey tu® + 0% +60,) - f(x y.tu° u)] °dxdy.

N 2 N 2 N N
+(1—v)f(28 D o’q) #°Do*&) o°Da &ISJ(?(?U

Buradan
1d

2
odu) (x,y,t)
2dt|”

- j +D(v2m§(x,y,t))]dxdydt=

2 2 N 2 2 N 2 2 N
:—(1—v)j ZaDang_atz)aaig_atz)aaig o) dxcly + (26)
OXoy oxoy  oOxX° oy oy ox ot
+Hf (X Y, LU (%, Y, ) + UM (X, Y, 1),0° (X, Y, 1) + 00, (X, Y, 1) = (%, y,t,u’(X, y,1),0° (X, y,t))]x
Q

N
X dedy
ot
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o(eu, (x,y,7))
ot
munasibati t-ya nazaran 7 -dan t-ys godar integrallasaq yaza bilorik:

Jp[aﬁu(xvt)] (vzwf(x,v.w)]dxz

0
t 2 N 2 2 N 2 2 N
=—(L- )H{ o'D oA, _oDoa, —Qaai }5 = dxdyds + (27)
W%y ooy o oy oy ox

aul(x,y,7)=0,

=0 sortlorini nazars alsaq va sonuncu

+ 2“[1‘ (%, ¥,8,U° (%, ¥,8) + AN (X, ,8),0° (X, ¥,8) + v, (%, ¥,8)) — (X, ¥,5,u’(X, y,8),0° (X, y,s))]x

xwdxdyds
: .
Aydmndir ki,
t
j (suM)2dxdy < j j ( J dxdyds. (28)
Q 0Q

Bu boraborsizliyi, W22 (©)-dakt  normalarm ekvivalentliyini = vo
f(x,y,t,u,0) funksiyasi iizorina qoyulan sortlori nozoro alsaq, (27)
munasibatindon miayyan ¢evirmalorls yaza bilorik.

I{(&Jy(x’y,t))z+[a&g’“(x,y,t)j +(aa‘u§‘(x,y,t)j +[aé‘ug“(x,y,t)J .

2 OX oy ot

+[azajc“(i<,y,t)J +(625u§(x, y,t)) +(82&J£\‘(;(,y’t)] ]dxdyg

X oxoy oy

“{& %99 [aau!.“(x,y,s)] +[aa1§(x,y,s)j +(8§u:'(x,y,s)j N
T Q 8X ay 6’[

+[62&18N ()2(’ Y, S)J +[625ng (X, y,s)j +(825U§ ()2(’ y,S)j }dxdyds + (29
ox oxoy oy
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‘ . o (0auM (xy,s)) (0aud(xy,s)) (aau”(xy,s))
+C!{ﬂ(§ug (X,y,S)) +( ;: ys)J +( (g;(ys)J + —((;[( ys)j +

OX X0y oy

xU[f (X, ¥,5,u°(x, y,8) + M (x,y,8),0° (X, y,8) + v, (X, ¥,8)) -

1
— (X, y,s,u’(x,y,5),0°(X, Y, s))]2 dxdy)2 ds.
Asagidaki isaralomolari gabul edoak:

N ey N ooul (x, y,t) ’ oaul (x, y,t) ’ ooul (x, y,t) ’
A (t)=z[{<&16 (%, y,t))2+( x J +( Y j +( p ] + (30)

+[62&“N()§' y,t)J +(62&1§(x, y,t)j +(62&"‘N & y’t)J }dxdy :
ox ooy »

: (31)

git)= C[Hf (X Y, 6 U (%, Y, 1) + AUl (%, y,1),0° (%, y, 1) + 6v, (X, ¥, 1) = F (%, y, 1, u’ (X, y,t),0° (%, y,t))]dxdy]

Onda (29) baraborliyini agagidaki kimi yazmaq olar:
t t
AN(t)<C j AN (s)ds + j g(s)/A" (s)ds. (32)

Tutaq ki,
a(t) = cj AN (s)ds+jg(s) AN (s)ds .

Onda
a(r)=0.

a(t) = CAN (1) + g(t)y AN (t) < Cal(t) + g(t)Ja(t) . (33)

1
(33) barabarsizliyinin har tarofini « Z(t)exp(—yj-yg vurub 7 -

Buradan

dan t-ys godor integrallasag va naticani ¢evirsok alariq:
a(t)sC[Tg(s)ds] = (34)

r \Q

Z{TEHf(Xv Y, S.U°(X, Y, 8)+ AU (X, ¥,5),0°(X,¥,5) + 00, (X, ¥,5) — F (X, ¥,5,U° (%, ¥, 5),0°(x, ¥, 9))] dxdyj ds} .
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(o,n,7) mosoloda istirak edon biitiin funksiyalarimn Lebeq noqtasi

oldugundan vo v, (X, y,t) (17) soklinds oldugundan alariq:
AV(@) <a(t) <

<

L1 (39)
ds]

<C{T [UI Ur[f (X, ¥,5,U° (X, y,8) + ) (X, ¥,5),0) = f (X, y,5,U°(X, ¥,5),0° (X, ¥, s))]zdxdyJ

<Cé, telr,r+¢€]
indi forz edok ki, (x,y,t) e Qx[r+¢,T].
ul(x,y,t) Uglin t=7+¢ noqgtesindo baslangic sort olarag (35)-don
asagidaki qiymotlondirmoni alariq:

Joaexr o (36)
I

oger v, (x,y,t) funksiyasin (17) soklini va (36) giymatlondirmasini
nozars alsaq, (25) minasibatindon

I[(sz {62&12‘ (Z<, y,t)J2 +(625u§' (X, y,t)]2 +£62&j§‘(2x’y’t)jz}dxdy <
2 ot ox oxay oy

§C54 +C j- I[(a&:‘ (X, y,t)) +(82&JLN (X,y,t)] +[52&LN (X,y,t)] +(62§J¢N (Zryvt)J ]dXdde-‘r

Hé‘u? (X, 7+ 8)”2 <Cg*

ot ox? oxoy oy

odu, (x,y,1)
at

T+ Q

+2_[ Hf(x,y,s,uo(x, y,8)+aul (%,Y,8),0° (%, ¥,8)) = T (%,¥,5,u’(x,y,8),0° (X, y,s))‘

T+ Q

dxdyds.

t N 2
[ (xy.H?dxdy<Cs* +C | j(a&(;yt»] dxdyds
Q

T+e Q

odugunu, W, (QQ) -da normalarin ekvivalentliyini nozars alsaq yaza bilorik:

I{(&? oy +[aéu§ (x, y,t)Jz +(aau§ (x y,t)Jz {amf (x, y,t)Jz .

] OX oy at
+(62&1§(§,y,t)] {azavf(x,y,t)J +[525&N(;"V'0J }dxdyﬁ
ax 6X6y ay
il e (et ey s | (0 (k9 V(081 (x,,9))
<Ce¢ +C[J+‘SS.[[(&J€ (x,y,s)) J{ x j J{ o } +[ ot J +
+[825U€N()2(, y,s)] +[525U§'(X,V:S)J +[625U8N()2(' y,S)j }dxdyds.
ox oxoy oy

Ogor yuxarida gobul olunmus isarolomoni noazoro alsag sonuncu
borabarsizliyi
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t
A" () <Ce* +C [ A" (s)ds (37)
soklinds yazariq.
Buradan Qronuoll lemmasini tatbig etmoklo
AN(t)<Ce’, te [z'+5,T]
oldugunu alarig.
Belalikls, (22), (35) Vo (37) mUnasibatIarindan cixir ki,

N2 ool
H ¢ L(Q)+ +
’ OX L, (Q) ‘ 8y L, (Q) ‘ 6 L (Q) (38)
N 2
o ajf <C-54,te[0,T].
S5 P 7 \ o
Buradan t-ys gora mteqrallamaqla
oul]. ... <ce’ (39)
W5 (Qr)

giymotlondirmasinin dogrulugu almar.

Onda N — o oldugda hesab etmok olar ki, du_ (X, y,t) funksiyasi
{é'ug' (X, y,t)} ardicilliginm W, (Q; ) fozasinda zoif limitidir vo (18)-(20) mo-
salosinin Umumilosmis hallidir.

Banax fozasinda norma asagidan zoif yarimkosilmoz oldugundan (39)
giymatlondirmasindan (21) giymatlondirmosinin dogrulugunu alariq.

Funksionalin artimin1 hesablamaq ti¢iin asagidaki ayriligdan istifado edo-
cayik:
fO6G YU (X Y, t) + AU, (X, Y,8),0° (X, Y, 1) + 00, (% V) = £ (X Y, 6 U (X, y,1),0° (%, Y1) + 8u, (X, Y, 1)) =

_ Ayt uo(xﬁ’uy’t)’“f(x’ Vo) (%, 1) + (U (X, Y. 1); 00, (X, Y. 1),

fo O, Y, LU (%, ) + U, (X, Y, 1), 0° (%, Y, 1) + .60, (%, ¥, 1) = £, (6 Yt uP (%, y,8),0° (%, Y, 1) + 8, (%, Y, 1) =

_ Jolxy:t uo(g’uy’t)’“f(x’ V') 4 (x, ,1) + oy (U (%, Y. ) 0, (X, Y.1).

Aydindir ki, funksionalin artimi
A@’)=3(v,)-3I") =

= J'[fo(x, Yot Ul (X, Y, 1) + AU, (X, Y, 1), 0° (X, Y, 1) + 60, (X, ¥, 1)) = 5 (%, y, t,u’(x, y,1), 0°(X, y,t))]dxdydt .
o

Forz edok ki, du_ (X, y,t) funksiyas1 (18)-(20) maesalosinin Gmumilosmis
hallidir, yoni ixtiyari @(x,y,t) eW,”*(Q;), @(x,y,T) =0 funksiyas1 iigiin
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2, an dxdydt =

LDV, VA £ (1 )[ZaZDaZaJ 9D 0’1, 9°D o' ]

c{ Xy xdy o o oy ok
j [£ 0yt U8 (X, Y1) + U, (6,8, 0° (%, Y,1) + 0, (% Y, 1) = £ (6 Yot u° (6, Y1), 0° (x, . 1) by

(40)

eyn111y1 dogrudur.
w(X,y,t) funksiyasi (14)-(16) qosma mosalosinin imumilogmis halli

oldugundan ixtiyari y(X,y,t) e W,/ (Q;), z(X,y,0) =0 funksiyast iigiin

oy oy 0°D 0%y 6D6;{ 6D6;{
— +(DV2W)Viy+(1- dxdydt =
Qf[ P o F VIV V)t//[ oy aey o o o | Y

OH (x,y,t,u’,0°% w)
= ydxdydt
J; ou y

(41)

eyniliyi dogrudur.

(40) munasibatindo @ -nin avazina @ =y (X, Y,t), (41) munasibatinda
x -nmoavazine y =du, (X, Y,t) goturok vo bunlari nozors almaqla funksionalin
artimini asagidaki kimi yazagq:

&0°) = [[f506 LU (Y. + A, (6, Y.0),0° (%, Y,0)+ 80, (% ¥,) - Fo (% Y.L0° (x, y,0),0° (x, . )iyl -
Qr

- Hf X, Y LU Y, 1) + AU (X, Y, 8,07 (%, Y, 1) + 6o, (%, ,1) = £ O Yt U’ (x, y,),0° (X, y,t))}//(x, y,t)dxdydt +
&

J-aH(x Y Lu'(x, Y, 0. 0° (% Y, ). (1) o (%, y, t)dxdydt

o ou
Vo ya
(") = —I[H (%, Y, U (X, Y, 1) + 80, (X, Y,1),0°(X, Y,1) + 60, (X, Y, 1), (X, y,1)) -
Qr

—H(x,y,t,u’(x, y,1),0° (X, y,t),w (X, y,t))]dxdydt +

0 0
+ J'aH (. tur(x, y,tgu (%, 0y (%.¥,1) ou, (x, y,t)dxdydt.
u
Qr

Axirinct barabarliyin sag torafine
IH (%, y,t,u’(x, y,1),0° (X, y,t) + Sv, (X, y,t),w (%, y,t))dxdydt "I slavs edib ¢ixsaq, yaza
&

bilorik:

é:](vo) = _J-[H (X, y,t,UO(X, y,t),UO(X, y,t) +§Ug (X’ y,t),l//(x, y,t)) -
Qr

—H (X y,t,u’(x,y,t),0°(x, y,t),w (X, y,t))]dxdydt —~
- I[H (%, Y, 5 U (X, Y, 1) + AU, (X, Y,1),0° (X, Y, ) + Su, (X, Y, 1), w (X, ¥,1)) —
&

—H (X Y, t,u’(xy,1),0° (X, y,t) + dv, (X, ¥, 1), w (X, y,t))]dxdydt +
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0 0
+ J’ﬁH (X1 y,t, u (X! y!t)’U (X, y,t),W(Xa yvt)) 5[]5 (X, y,t)dXdydt
o ou
Ogor Teylor disturunu totbiq etsak alariq:
foY (UO) = _J-[H (X! y!t’uo (X, y,t),UO(X, y!t) + 505 (X, y,t),l//(X, y,t)) -
Qr
—H(X,y,t,u’(x, y,1),0° (X, y, 1), w (X, y,t))]dxdydt -
~ JGH (X, Y, 1,u’ (X, y,1),0° (X, ¥, 1) + v, (X, ¥, 1), (X, ¥,1))
ou
—~ ”zy(x, V,Dou’;d,) - o, (uo;wg)]dxdydt +
&
0 0
. IaH (%, y,t,u’(x, y,tza,;) (X, ¥,0),w (X, y,1)) 8. (%, y.t)dxcydt =
Qr

= —J'[H O, Yt U (%, Y 1),0° 06 Y, 1) + 60, (6 Y, 8w (%, Y1) = H 06 Y, B U 06 .8, 0° (%, ), w (X, y,t))]dxdydt _
&

au, (X, y,t)dxdydt —
Qr

_ J' oH (Xv y,t, UO(X! yvt)vuo (Xv y1t) + 505 (X’ y,t),l//(X, y’t)) _
ou

Qr
~H (X, .t U0 (%, Y, 0,00 (X, Y, 1 (X, y't))}& (x, v, eyt —

ou
B I[W(X, y, Dau®;d,)-a, (u°;5ug)]dxdydt.
Qr

Beloliklo, funksionalin artimi ti¢lin asagidak: borabarliyi alariq:
N (%) = —J‘éug H(x,y,t,u’(x,y,t),0° (X, y,0),w (X, y,t))dxdydt + () . (42)
Qr

Burada
8, H(x, y,t,u’(x, y,1),0° (X, y, 1),y (X, y, 1)) dxdydt =

= HX Y LU (6 Y, 0,0° (%, Y,0) + 00, (61,0006 1, 1) - H O Y LU (3, y,8),0° (X, Y ) w (3, v, 1),

3, H(X%, Y, t,u’ (%, y,1),0°(X, Y,0), (X, ¥, 1))
aou

ne) = | {—w(x,y,t)w(u";mg)mo(u%mg)—
Qr

Gostorak Ki,
[Fw(x y.0ou®;u,) + o, éu,) bixdydt = o(e®).  (43)
ol
Dogurdan da (U’ du,)-un soklini, f(x,y,t,u,0) funksiyasi {izarina
goyulan sartlori va orta giymet teoremini nazars alsaq yaza bilorik:

mﬁ}dxdydt.
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[Fw(xy.bou’;a,)Jaxdyd] <
Qr
< [lw(x y.0]x
Qr

0 0
x| T (% Y, U (X, y,t) + 8u, (X, y,1),0° (X, ¥, 1)) = T (X, y,t,u’(x, y,t),0°(X, y,t))—Wéug x

x[au, (x, y, D]dxdydt < C [l (x, y,t)ou, (x, y, )| dxcyt
Qr

w(x,y,t)eLl, (0,T;W>(Q)) oldugundan daxilolma teoremino gora o,
Q; -do mohdud funksiyadir.
Onda (21) giymatlondirmasino g0ra sonuncu barabarsizliyin sag torofi
tcln
C [l (x,y. 0, (x, y,t)|"dxdydt < C flou, (x, y,t)|*dxdydt < Ce*
Qr Qo
qiymotlondirmasini alariq.

Demoli,
[ x y.H; a,)fixdydt = o(s?). (44)
Qr
Indi gostarak ki,
[leos (u®; 80, Jixalydt = o(e?). (45)
QT

w,(u’;8u,) soklini, f,(x,y,t,u,0) funksiyasi {izorina qoyulan sartlori,
orta giymat teoremini va (21) giymatlondirmasini nozars alsaq yaza bilorik:

<

j [a)o (u®;éu, )]dxdydt
&

of, (%, y,t,u° (%, y,1),0°(x, y,t)‘ y
ou

< 100 Yt U 06 Y, + U, (6, Y,0,0° 06 1, 8) = o (06 Y, 8,08 (6, ,8),0° (x, y, 1) -
o

x|ou, (x, y, ]dxdydt < C [[au, | dxdydt < Cz* = o(&°).
Qr

Belalikla, (44) vo (45) miinasibatlorindan (43) munasibatinin dogrulugu
alinir.
(21) giymatlondirmesindon vo v, (X, y,t) -nin toyinindon aliriq ki,
05, H(X, y,t,u’(x,y,t),0° (X, y, 1), (X, y,t
f o, HOG Y LU (X y,0), 07 (X, Y, 1), w (X, y ))é‘ugdxdydt:
& au (46)

— .[65UH (Xl ylt’uo(xl y,t),Uo (X1 y’t)!l//(xi ylt)) aj dXdyd'[ — 0(83)
ou ¢ '
l_[E

Onda (43) va (46) minasibatlorindon aliriq ki,
n(g) =0(s?).

89



Ona gora da (42) barabarliyindan funksionalin artimi tiglin asagidaki1
diisturu alariq:

S©°) = —j&UH (X, ¥, t,u’(x, y,1),0° (X, ¥, 1), w (X, y, t))dxdydt + 0(s ).

Ogor (u° (x,y,1),0°(x, y,t)) optimal ciitdirse, onda & (v°)>0. (o,7,7)
mosaloda istirak edon biitiin funksiyalarin Lebeq ndqtasi oldugundan alariq:
0
lim dl('j ) _ —[H (o,7,7,u°(0,n,7),0,¥(c,1,7)) - H (a,n,r,u°(a,77,r),U°(6,f7,r),!//(0,77,f))]2 0

o0 o

voya
H(o,n,7,u"(c,n,7),0,w(0,7,7)) <H(o,n,7,u’(0,7,7),0°(0,7,7),w (5, 77,7))

Belalikla, asagidaki teoremi isbat etmis olduq:

Teorem. (uo(x, y,1),0° (X, y,t)) optimal cutdiirss vo w(x,y,t) (14)-(16)
masalosinin onlara uygun halldirss, onda sanki butin (x,y,t) € Q; ve butln
v e [v, 1] tigiin asagidaki baraborsizlik dogrudur:

H (X, y!t! UO(X! y!t)!U!W(X! y!t)) <H (X! y’t! UO(X! y!t)!Uo (X, y!t)!W(X! y!t)) '
Almman zoruri sort (uo (x,y,1),0° (X, y,t)) clitiiniin optimallig1 ii¢lin
Pontryaginin maksimum prinsipi tipli zoruri sortdir.
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3ATAYA OITUMAJIBHOI'O YITPABJIEHMS 1JIs1 CIABO HEJIMHEMHOI'O
YPABHEHMS KOJJEBAHU TOHKOM IJIACTUHBI

X.U.CEUDYJIIAEBA
PE3IOME
B npeﬂnaraeMoﬁ pa60Te pacCMOTpCHAa 3aJavda ONTUMAJIBHOI'O YIIPABJICHUSA IUIA ciabo
HEJUHEHHOT 0 YpaBHCHUA Konebannii TOHKOM InractuHel. CHavasa JJIA KaxKa0ro (1)I/IKCI/IpO-
BAaHHOI'O YIIPABJICHUA JOKAa3aHO CYHICCTBOBAHUEC U CIUHCTBCHHOCTH O606HI€HHOFO peaicHud
paCCMaT‘pI/IBaEMOﬁ KpaEBOfI 3a/lavuu, OaJICC NOKa3daHa TCOpeMa CYIIECTBOBAHHA ONTHUMAJILHOT'O
yrpaBJieHUA B 3a/1a4€ ONTUMAJIBHOI'O YIpPaBJICHHS, B KOHIIC BBIBCACHO HeO6XOI[I/IMOe yciaoBue
OINITUMAJIBHOCTH TUIIA TPUHIUIIA MAKCUMYMa HOHTpSIFI/IHa.
KiroueBble cjioBa: TOHKas IJIaCTHHA, ONTUMAJIBHOC YHNPABJICHHUE, TCOpPEMaAa CYIICCTBO-
BaHMUs, HeO6XOI[I/IMOG ycioBue.
OPTIMAL CONTROL PROBLEM FOR THE WEAK NONLINEAR EQUATION
OF THE THIN PLATE VIBRATIONS
Kh..SEYFULLAYEVA
SUMMARY
In the work the optimal control problem is considered for the weak nonlinear equation
of the thin plate vibrations. Existence and uniqueness of the generalized solution of the
considered problem are proved for each fixed control. Then a necessary optimality condition of
Pontryagin’s type maximum principle is derived.
Key word: thin plate, optimal control, existence theorem, necessary conditions.
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